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WARNING: If you look at the solution and immediately feel that ’Oh! I
could have done that!’ then you just wasted the problem! Go back to thinking
to over the problem right now if you are not fully exhausted!

1 Algebra

1. We know that no square is negative (Well, try to prove that too!). Therefore,
(a− b)2 ≥ 0⇒ a2 + b2 ≥ 2ab. When we repeat the same with b and c pairwise,
we get the desired inequality after we add the three inequalities up. Since the
square of any real is positive, the inequality is true for all reals, not just positive
real numbers.

a2 + b2 ≥ 2ab

b2 + c2 ≥ 2bc

a2 + c2 ≥ 2ac

Add the last three equations to get the inequality in the problem!

2. Rewrite the inequality as a4 − 4a + 3 ≥ 0, then complete a square to ob-
tain a4−2a2 +1+2a2−4a+2 ≥ 0. This is the same as (a2−1)2 +2(a−1)2 ≥ 0.

3. Suppose such a function exists and put x = 0 and this gives us f(0)−(f(0))2 ≥
0⇒ (f(0)− 1

2 )2 ≤ 0⇒ f(0) = 1
2 . Similarly we can get f(1) = 1

2 , which contra-
dicts the fact that f is an injection.

2 Geometry

1. By the triangle inequality (try to prove it too!) we get |PA|+ |PB| > |AB|,
|PA| + |PC| > |AC| and |PC| + |PB| > |BC|. This solves the right-side in-
equality. Observe that |PA| + |PB| > |CA| + |CB|. Try proving this fact and
show how this solves the left-side inequality.
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2. Rotate the image 60-degree clockwise and let P ′ be the image of P . Ob-

serve that B̂PP ′ = 90 ⇒ B̂PA = 150. Use the Cosine Theorem to show that

|AB| =
√
|PC|2 +

√
3|PA||PB|.

3. As seen the previous problem, BPP ′ is a right-angle triangle iff B̂PA = 150.

If P is outside ABC then B̂PP ′ = 90 iff B̂PA = 30 (easy task: complete the

logic). Since B′ is the image of B and B̂B′A = 60, the locus of P is the circle
of side-length |AB| centered at B′ (again, just make it more rigorous).

3 Number Theory

1. Choosing n = m2 + 3m+ 3⇒ m+n+ 1 = (m+ 2)2 and mn+ 1 = (m+ 1)3.

2. Put a = 2d, b = 2d2 and c = 2d2 + 1 where d ∈ Z+ (Yes, sometimes it
is all about getting the right idea).

3. The nth term of this sequence is:
1
3 (1+10+...10n+8.10n+1+7(10n+2+...+102n+1+102n+3+...+103n+2)= 10n+1−1

27 +
8.10n+1

27 + 7.10n+2. 10
n−1
27 + 102n+3. 10

n−1
27 =( 10n+1−1

3 )3=[3(1 + 10 + ...10n)]3.

4 Combinatorics

1. Since 6 · 16 = 96, we can put 16 times 6 balls in the boxes so that the number
of balls in one of the boxes increases by two, while in all other boxes it increases
by one. Repeating this procedure, we can either diminish the difference between
the number of balls in the box which has most balls and the number of balls in
the box with the least number of balls, or diminish the number of boxes having
the least number of balls, until all boxes have the same number of balls.

2. Suppose that there is an n such that the first player always wins if there
are initially more than n stones. Consider the initial situation with n2 + n + 1
stones. Since (n+ 1)2 > n2 + n+ 1, the first player can take at most n2 stones,
leaving at least n + 1 stones in the box. By the assumption, the second player
now wins as he becomes the first player now. This contradiction proves that
there are infinitely many situations in which the second player wins no matter
how the first player plays.

3. First, label the midpoints of the sides of the polygon with the numbers
1, 2, ..., 2a+ 1, in clockwise order. Then, beginning with the vertex between the
sides labelled by 1 and 2, label every second vertex in clockwise order with the
numbers 4a + 2, 4a + 1, ..., 2a + 2.
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5 Bonus Problem

By the AM-GM Inequality we get a2b+b2c+c2a ≥ 3abc and ab2+bc2+ca2 ≥ 3abc
(it is now trivial to figure out how this solves the problem!)

The solutions are abridged; submit your solutions with complete construction
of the mathematical logic. Suggestions for improvements more than welcome!
By the way, there is actually a mistake in the solutions. Do you see where?
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