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Pre-Camp Problems

1 Algebra

1. For a, b, c positive real numbers, prove that:

a2 + b2 + c2 ≥ ab + bc + ca

Hint: First try to prove that a2 + b2 ≥ 2ab.
If you cannot solve the hint, can you solve the problem assuming the hint true?
What will happen if a, b, c are just real numbers (not necessarily positive)?

2. Let a be a real number. Prove that:

4a− a4 ≤ 3

3. Does there exist a one-to-one function f : R→ R such that:

f(x2)− (f(x))2 ≤ 1
4

2 Geometry

1. Let ABC be a triangle with the point P in its interior. Let S = |AB| +
|BC|+ |CA|. Prove that:

S ≥ |PA|+ |PB|+ |PC| ≥ S
2

2. There exists a point P inside an equilateral triangle ABC such that |PA|2 +
|PB|2 = |PC|2. Determine |AB| (in terms of |PA|, |PB|, |PC|).

3. Determine the locus of points P inside an equilateral triangle such that
|PA|, |PB|, |PC| are the side lengths of a right-angle triangle.

3 Number Theory

1. Prove that for every positive integer a there exists a positive integer b such
that a + b + 1 is perfect square and ab + 1 is a perfect cube.
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2. Prove that the equation a2 + b2 + 1 = c2 has infinitely many positive in-
teger solutions.

3. Prove that each of the following integers is a perfect cube:

107811
3 , 110778111

3 , 111077781111
3 , ...

4 Combinatorics

1. Assume we have 95 boxes and 19 balls distributed in these boxes in an arbi-
trary manner. We take 6 new balls at a time and place them in 6 of the boxes,
one ball in each of the six. Can we, by repeating this process a suitable number
of times, achieve a situation in which each of the 95 boxes contains an equal
number of balls?

2. Consider the following two person game. A number of stones are placed
inside a box. Two players make their moves alternately. A move consists of
taking out of the box a2 stones where a is any positive integer. The player
who is unable to make a move loses. Prove that there are infinitely many initial
situations in which the second player can win no matter how his opponent plays.

3. A polygon with 2a + 1 vertices is given. Show that it is possible to as-
sign numbers 1, 2, ..., 4a + 2 to the vertices and midpoints of the sides of the
polygon so that for each side the sum of the three numbers assigned to it is the
same.

5 Bonus Problem

Show that for positive reals a, b, c:

(a2b + b2c + c2a)(ab2 + bc2 + ca2) ≥ (3abc)2

Give as much to the problems as you can.
If you can write up the solutions (whether complete or partial), send them to
okm212@nyu.edu
Remember that you fail to solve a problem only when you give up on it.
Enjoy the Problems!
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